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1. Introduction 



Some years ago Ward [1] and Husain [2] showed that self-dual gravity could be 
considered as a principal chiral model within the su(cx3) or the Poisson algebras. 

In our previous paper [3] the analogous point of view has been presented but 
we have considered self-dual gravity to be the ^ — > limit of the principal chiral 
model in the Moyal bracket algebra. This last approach seems to be natural and 
con venient as the associative *-algebra defining the Moyal bracket algebra has a 
transparent interpretation. 

I.A.B. Strachan and T. Mates suggested (private communication) that the 
results of [3] should be very closed related to the considerations of Fairlie, Fletcher 
and Zachos [4] on the su(A'") algebra as embedded in the Moyal bracket algebra and 
also to some results on the harmonic maps, especially to ones given by Uhlenbeck 
[5] (see also [6,7,8]). 

The aim of the present paper is to give a partial answer to those suggestions. 

In Section 2 we recall the main points of the previous work [8]. In Section 3, 
using the embedding of su{N) in the Moyal bracket algebra [4], the construction 
of solutions to Husain's heavenly equation [2] is given which, in fact, appea rs to 
be the Fourier expansion with the coefficients satisfying SU(A^) principal chiral 
equations for iV — > oo. 

Section 4 is devoted to indicating how Uhlenbeck's considerations on harmonic 
maps into finite Lie groups [5] can be carried over to the case of the groups de- 
fined by the Moyal *-product. Finally, in Section 5 we consider the Wess-Zumino- 
Witten-hk e (WZW-like) action [9,10] within the Moyal formalism and it is shown 
that the action for Husain's heavenly equation is the 7i — > limit of the WZW-like 
action in the Moyal algebra. 
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2. The Moyal deformation of Husain's heavenly equation 

In this section we recall some results of our previous paper [3]. 

Let G be a matrix Lie group and Q its Lie algebra. Consider the G prin- 
cipal chiral model in a connected and simply connected submanifold fl of the 
two-dimensional Euclidean space 

The principal chiral equations read 

] = 0, (2.1a) 

dxAx + dyAy = 0, (2.16) 

where A^ e Q <Si C°°(Q), /x e {x,y}, stand for the chiral potentials and {x,y) are 
the Cartesian coordinates in Q. Then, from (2.16) it follows that there exists a 
function 9 ^ e{x,y) E G ® C°°{n) such that 

Ax = -dyO, and Ay = 0x9. (2.2) 
Inserting (2.2) into (2.1a) one gets the principal chiral equations to read 

dl9 + dp + [0x9, dy9] = 0. (2.3) 

Equivalently, we can proceed as follows. Prom (2.1a) it follows that A^, ji E {x, y}, 
is of the pure gauge form, i.e., there exists a G- valued function g — g{x,y) such 
that 
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= 9~^d^,g. (2.4) 
Substituting (2.4) into (2.16) we get another form of the principal chiral equations 

d„{g-^d^g) = (2.5) 

(Summation over ^ is assumed.). 

Eq. (2.5) means that g -.Q. ^ G is a harmonic map from Q, <Z^ into the Lie 
group G (or, simply, g : Vt ^ G is a G harmonic map). 

Comparing (2.2) and (2.4) one quickly finds the relations 



9 ^dxg = -dy6 and g ^dyg = da;6. (2.6) 

Then, the Lagrangians leading to (2.3) or (2.5) read (under the assumption 
that the algebra Q is semisimple) 

Cch «Tr| ^e[d,9, dy9] - ^ (^{djf + {dyOf^ | (2.7) 



or 



£'ch = -PTT{{g-'d^g){g-%g)} 

^PTr{{d^g){d^g-')}, (2.8) 

respectively; where a > and P > are some constants. 

Now, let G be some Lie group of linear operators acting on the Hilbert space 
L^(3?^) and let Q be the Lie algebra of G. Consider the G principal chiral model. 
The principal chiral equations rea d now 
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da:Ay - dyA^ + [i^, Ay\ = 0, (2.9a) 

a^ia. + dyAy = 0, (2.96) 

where = A^{x,y) eG® C°°(f)), n e 

Analogously as before, from (2.96) it follows that there exists 9 — 9{x,y) e 
g ® C°°{n) such that 

= -dyO, and Ay = 9^^. (2.10) 
Then, (2.9a) under (2.10) gives 

die + die + [dj, dye] = o. (2.11) 

Equivalently, from (2.9a) one infers that 

A^^g-^d^g, //e{x,y}, (2.12) 

where g — g{x,y) is some G-valued function on Q,. Substituting (2.12) into (2.96) 
we get 

d^{g-%g)^Q. (2.13) 
It is convenient to define a new operator- valued function Q — Q{x,y) hj 

e := ihe. (2.14) 
Thus, by (2.11), © satisfies the following equation 



dlQ + a^e + ^[5x0, dy&\ = 0. (2.15) 

The Weyl correspondence leads from = Q{x,y) to the function © = 

Q{x,y,p,q), = >V^^(6), defined on Q x according to the formula 



+00 

e = Q{x,y,p,q):= J exp^-^) < q - ^\Q{x,y)\q + ^ >d^. (2.16) 

— 00 

Then 6 satisfies the Moyal deformation of Husain's heavenly equation 

die + die + Re, dyOjM = o, (2.17) 

where {•, -jM denotes the Moyal bracket i.e., 



1 2 h ^ 

{/i, /2}m := T^ifi * /2 - /2 * /i) = 2 ^)-^2, 



'^'^ dqdp~ dpdq' -^^ = -^i*^^' h = M^^V^P^l)- (2-18) 



The Moyal * -product is defined by 



/i * /2 := /iexp(y V)f2. 
If the functions /i and /2 are independent of h, then 
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(2.19) 



lim /i * /2 = /1/2, lim{/i, /2}m = {/i, /2}p /i V /a, (2.20) 

ft— >0 A— i-0 

where {•, -jp denotes the Poisson bracket. 
Equivalently, defining the function 

g^gix,y,p,q) :^yV-\g{x,y)) (2.21) 

one gets from (2.13) 

^^,(^g-'*^^g^^O, (2.22) 
where g~^ denotes the inverse of g in the sense of the Moyal *-product i.e., 

* * 

g-^*g^g*g-'^^l. (2.23) 

Comparing (2.22) with (2.5) we can say that the function g — yV~^[g{x,y)) 
defines a harmonic map from Q into the Lie group := W~^(G). 

As it has been shown in [3] the Lagrangians leading to Eq. (2.17) or Eq. (2.22) 
read 



4g^ = -^Q * {a,e, dyOjM + 1 ((a.e) * (a,e) + (a,e) * (a,e)^ (2.24) 

or 
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4g ■= - * d,g) * {g-' * d,g), (2.25) 

respectively. To derive Eq. (2.22) one can use C'^^^ or equivalently, the Lagrangian 
C!'gQ^ defined by 

^^S^G^-^{d,g).{d,g-'). (2.26) 

(Compare with (2.8)). 

Note also the relations which follow from (2.10), (2.12), (2.14) and from the 
definitions of G and g. Namely 

* * 

dyQ — —ihg~^ * dxg and 5a;© = iTig~^ * dyg. (2.27) 
Assume now that the function is analytic in i.e., [11] 

oo 

e = ^;i"e„, (2.28) 

n=0 

where Qn = Qri{x, y,p,q), n = 0, 1, are independent of h. If is a solution of 
(2.17), then by (2.20) one concludes that the function 0o satisfies Husain's heavenly 
equation [2] 

5^00 + 5^00 + {da^Qo, dyeo}p = 0. (2.29) 
Moreover, the Lagrangian CsG leading to Eq. (2.29) can be quickly found to read 
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CsG = lim Cfj = -^eo{a^eo, dyQQ}p + \ ({d^Q^f + {dyQoA . (2.30) 

(The Lagrangians of this type were first considered by Boyer, Finley and one of us 
(J.F.P.) [12] in the context of the first and second heavenly equations.). 

Therefore, self-dual gravity appears to he the h ^ limit of the principal chiral 
model for the Moyal bracket algebra. 

One can interpret self-dual gravity to be the principal chiral model for the 
Poisson bracket algebra. [1,2]. 

These two approaches are evidently equivalent. However, the first one seems to 
be much more convenient as the Moyal bracket is defined in a natural manner as the 
commutator in the associative algebra defined by the Moyal *-product (see(2.18) 
and (2.19)) . Thus, in a sense the Moyal bracket algebra can be considered to be 
an infinite dimensional matrix Lie algebra. Especially interesting is the case when 
the group G* is a subgroup of U* , where 

U* := {/ = /(p, q) e C°°(5R2); = = 1}; (2.31) 

(the bar stands for the complex conjugation.). 

It means that G = W(G*) is a subgroup of the group U of unitary operators 
acting on L^(3?^). 

Now one quickly finds that if = g{x,y,p,q) is an U*-valued function, then 
g~^ * df^g — g* d^g is pure imaginary, and consequently, by (2.27), the function © 
can be chosen so as to be real. 

Finally, we recall the method proposed in [3] of searching for solutions of Hu- 
sain's heavenly equation (2.29). 

Let ^ : ^ ^ ^ be a Lie algebra homomorphism, and let (summation over a!) 
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e = e{x, y) = ea{x, y)Ta eg® c°°{9) 



(2.32) 



be some solution of the principal chiral equation (2.3); Ta & G, a — 1,2, ..,dim Q 
constitute a basis of Q. Then 

e = Q{x,y) = ihea{x,y)Xa 



Xa ■■= *(ra) (2.33) 
satisfies Eq. (2.15). Therefore, the function defined by (see (2.16)) 

e = e{x,y,p,q) = ihea{x,y)Xa{p,q) 

Xa{p,q):^W-\Xa) (2.34) 

fulfills the Moyal deformation of Husain's heavenly equation, (2.17). 

Consequently, if © is of the form (2.28) then ©o satisfies Husain's heavenly 
equation, (2.29). Moreover, if the Lie group G defined by the Lie algebra G appears 
to be a subgroup of the group U of unitary operators in L'^{^^) then the functions 
© and ©0 are real. 

[Remark: 

In contrary to the case of finite matrix groups the equivalence between (2.11) 
and (2.13), or (2.17) and (2.22) are not proved to hold in all generality. 

We have the implications 
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(2.13) (2.11) and (2.22) =^ (2.17), 

but the inverse implications, in general, may not be true. 
This problem should be considered elsewhere]. 

3. The construction of solutions of Husain's 
heavenly equation from SU (N) chiral fields 

Consider the S\J{N) principal chiral model. In this case — Ai^{x,y) e 
su(iV) (g) C°°(f2), fi G {x, y}, and consequently 9 — 9{x, y) defined by (2.2) belongs 
to su(A^) ® C°°(n). 

In a distinguished paper by Fairlie, Fletcher and Zachos [4] the basis of the Lie 
algebra su(iV) is defined which appears to be very useful in our further considera- 
tions. 

The elements of this basis are denoted by Lm, Ln,..., etc., m = (mi,m2), 
n = (71,1,712),..., etc., and m, n, ... G /jv C Z x Z — {(0,0) mod A^q} where q is 
any element of Z x Z. The basic vectors Lm, m G /jv, are the N x N matrices 
satisfying the following commutation relations 

[-^m,-^^!] = ^sin(-^m X n)L„i+n modiVq, (3.1) 

where m x n := min2 — m2n\. 

Then any solution of the SU(A^) principal chiral equations (2.3) can be written 
in the form 

e = e{x,y)= ^m{N\x,y)L^. (3.2) 
Now we let N tend to infinity. In this case /oo = / = ZxZ — {(0, 0)} and the 
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commutation relations (3.1) read 

[Lm, Ln] = m X n Lm+n- (3.3) 
Consider the set {em}m€/) := exp[i{mip + m2q)]- One quickly finds that 

{em, en}p = m X n Cm+n- (3.4) 

Thus the mapping F : Lm i — ^ Cm, m G It defines the isomorphism 

su(oo) ^ the Poisson algebra on ^ sdiff(r2), (3.5) 

where is the 2-torus. 

Let now there exists the limit 

Vm = Vm{x,y) := lim Vm{N;x,y) (3.6) 

AT^oo 

for every me/. Then it is evident that the function 

Oo = Qo{x, y, p,q)^ ^ Vm{x, y) exp [i{mip + 7712?)] (3.7) 

me/ 

is a solution of Husain's heavenly equation (2.29). The self-dual vacuum metric 
ds^ is determined by ©0 as follows [2] 

12 



ds^ = dx{QQ^xpdp+QQ,xqdq)+dy{QQ^ypdp+QQ^yqdq)^ 
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■ [{QQ,xpdp+Q)Q,xqdqf 



{0O,a;,0O,y}p 



(3.8) 



where G^xp = dpO^Qo, QQ,yp = dpdyQo, etc. 

The method presented here leads to the construction of the self- dual vacuum 
metrics from the solutions of the S\J(N) principal chiral equations. (Compare this 
with Ward's question: "Can one construct a sequence of S\J{N) chiral fields, for 
N — 2,3, tending to a curved space in the limit?" [1].). 



The aim of the present section is to show how the considerations concerning the 
harmonics maps into the Lie group U(A^) given in an excellent paper by Uhlenbeck 
[5] ( See also Pohlmeyer [13], Ward [6] and Anand [7]) can be carry over to sel f-dual 
gravity. Our results are very far from that to be complete; nevertheless, we intend 
to indicate the direction of further investigations. First, one can find the Lax pair 
for the Moyal deformation of Husain's heavenly equation, (2.17). To this end, by 
the analogy to [5-7], we consider the following system of hnear partial differential 



equations on the function E = E{X, x, y,p, q) e C°°{C* x Q x E), C* := C - {0}, 



4. The gravitational uniton 



ifidzEx — {1 — \)Ex* a, 



ind,Ex={l-X-^)Ex*a„ (4.1) 
where A e C*, Ex — Ex{x,y,p,q) :— E{\,x,y,p,q) and z :— x + iy, z :— x — 
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iy, dz = ^{dx - idy), dz = ^(^^ + idy); moreover = az{x,y,p,q) and = 
az{x,y,p,q) are independent of A. 

The integrability conditions of the system (4.1) read 

A°^a^a^-9^a^ + 2{a«,a«}M = (4.2a) 

^ dzttz + {az, az]M = (4.26) 

A~^ dzttz + {az, az}M = 0. (4.2c) 

One quickly finds that any two of the above conditions imply the third. 
Adding (4.26) and (4.2c) we get 

dzttz + dzttz = 0. (4.3) 
Hence, there exists a function © = ©(a^, o) such that 

Substraction of (4.26) and (4.2c) gives (4.2a), and with the use of (4.4) we get 
finally 

tdzdze + ^{dze, dze}M = o. (4.5) 

One can easily find that Eq. (4.5) written in terms of the coordinates {x, y) is 
exactly the Moyal deformation of Husain's heavenly equation, (2.17). 
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Concluding: the system (4-1) constitutes the Lax pair for Eq. (2.17). 
Comparing (4.4) with (2.27) we obtain 

az = -j9~*^ * and = y^f"^ * d^g, (4.6) 

where g — g{x, y,p, q) is a harmonic map from into C°°(E) i.e., the equation 

{g-^ * d,g) + d,{g-^ * d,g) = (4.7) 

or equivalently Eq. (2.22), hold. 

In what follows, ii g = g{x, y,p, q) G C°°{Q x S) satisfies Eq. (4.7) we will say 
that g is a *-harmonic map from fl into C°°(E). In particular, consider the case 
when 



g-' = 9- (4.8) 

In this case we say that g is *-unitary and the group of *-unitary functions will 
be denoted by U*(0 x E) (compare with (2.31).). Define = ax{x,y,p,q) and 
ay — ay{x, y,p, q) in a natural manner 



-{ax — itty) and 



a? 



-(ax + iay). 



(4.9) 



Then by (4.4) we get 



and 



(4.10) 



and by (4.6) 
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Ox = yS' * dxQ and Uy ^ —g * dyQ. (4.11) 

Therefore, if g is *-unitary i.e. (4.8) holds, then from (4.11) one infers that ax and 
tty are real functions. Consequently, by (4.10) we can choose © to be real. Then, 
in the present case 

al=a^. (4.12) 

Now we can prove the theorem which is an analogue of the Theorem 2.2 given 
in Uhlenbeck's paper [5] ( see also [6,7]). 

Theorem 4.1 

Let g — g{x,y,p,q) be a *-harmonic map from fl into C°°(E) and let 
g{xo,yo,P, ,q) — h{p,q), where h — h{p,q) is some given function on E and 
(xo,yo) e is a given point. Moreover, let for every A e fC* there exists a 
unique solution Ex — Ex{x,y,p,q) of the Lax pair (4.1) with (4.6), such that 

* 

Ex(xQ,yo,p,q) = h{p,q) and Ex has the *-inverse -E'^''^. 
Then 

(i) El = h{p,q), 

(ii) £_i = g, 

(Hi) Ii g e U*(Q X E) then 

* 

E-^ = E^ for every A e C*. (4.13) 

Proof: 

The proof oi (i) and (ii) is trivial. 
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To prove (in) observe that if (? G U*(r2 x S) then the relation (4.12) holds, 
and consequently the complex conjugation of Eqs. (4.1) gives 



-iTidzEx = (1 - A)a^ * E), 



-ihd-.Ex = (1 - A-i)a,- * Ex. (4.14) 

By simple manipulations one quickly finds that the system (4.14) can be equiva- 
lently rewritten as follows 



ihdzEx ^ = {l-X)Ex ^*az, 



ihdzEx ^ = (1 - X~'^)Ex ^ * a^. (4.15) 
Then, changing A we get 

-1^ 



ihdzEx-i =(1-A )Ex-i *az, 



1 



ihd^Ex-i = (1 - ><)Ex-i * a^. (4.16) 

Comparing (4.16) with (4.1), and employing also the assumption of the exis- 
tence and the uniqueness of the solution to Eqs. (4.1) one obtains (4.13). <0> 

It is evident that Theorem 4.1 is a "weak" version of the Uhlenbeck's Theorem 
2.2 as we assume and don't prove the existence and uniqueness of solution to the 
Lax pair. In our case this problem is rather subtle and we have not succeeded in 
solving it in all generality. 



17 



We now prove a theorem which corresponds exactly to Uhlenbeck's Theorem 
2.3 [5]. 

Theorem 4.2 

Let the function E = E{X,x,y,p,q) G C°°(C* x 1] x E) be such that Ei = 

E{l^x,y,p^q) — f{p,q) and the expressions il^"^^ and A e C*, are 

independent of A. Then g — E^i is a *-harmonic map from Q, into C°°(E). 

Proof: 

Define 



thE-^*d,Ex ^ thE-'*d,Ex 
1-A 1 - A-i 



and := — / . ^ A mC*. (4.17) 



By the assumption, ag and a 2 are independent of A. Thus, in fact, we arrive 
at the Lax pair (4.1). Consequently, Eq. (4.3) is satisfied. Prom (4.17) one quickly 
finds that 



a^- -Ezl*d2E-i and a, -.^ -EZl * d,E-i. (4.18) 

Inserting (4.18) into (4.3) we get the thesis. <C> 

Now we are in a position to prove the fundamental theorem 

Theorem 4.3 

Let the function E = £'(A, x, y,p, q) e C°°(C* x Q x E) be as in the Theorem 
4.2, and let © = ©(x, y,p, q) be defined by 

* * 

d^Q^fiEZl^d^E-i and d^Q ^ -UEZl * d^E-i. (4.19) 

Then © satisfies the Moyal deformation of Husain's heavenly equation, (2.17) or 
(4.5). Moreover, if Ex fulfills the ^-unitary condition (4.13) then © can be chosen 
so as to be real. 
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Proof: 



Straightforward by the Theorem 4.2 and by the relations (4.4). <C> 

Prom the previous considerations (see (2.28)) it follows that if the function 

= Q{x, y,p, q) defined by (4.19) is analytic in h then Oq satisfies Husain's heav- 
enly equation (2.29). Given a *-harmonic map g from Q into C°°(S) we define 
the extended solution corresponding to g to be the solution E = E{X,x,y,p,q) G 
C°°{ bfC* X O X E) of the Lax pair (4.1) with and defined by (4.6). 

Then by the analogy to Uhlenbeck's definition [5] (see also [6,7]) one has 
Definition 4.1 

Let g = g{x,y,p,q) be a *-harmonic form Q into C°°(E) such that it has an 
extended solution Ex of the form 



satisfaying the *-unitary condition (4.13). The self-dual metric (if it exists) defined 
by g is called the n- gravitational uniton. 

The question of existence and of the interpretation of the gravitational unitons 
will be considered in a separate paper. Here we have only shown that the Moyal 
bracket algebra, enables one to consider self-dual gravity as the principal chiral 
model. 



n 




(4.20) 
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5. The self-dual gravity action as the WZW-like action 



In this section we are going to show that the action leading to the Moyal 
deformation of Husain's heavenly equation (2.17) can be written in the WZW-like 
form within the Moyal bracket algebra formalism. Consequently, the action for 
Husain's heavenly equation (2.29) appears to be the h ^ limit of the WZW-like 
action in the Moyal bracket algebra. To this end consider the SU(A^) chiral model. 
Let Q — with the radius r — > oo and let B be a three dimensional manifold 
such that Q is the boundary of B i.e., dB — Q,. The Cartesian coordinates on 
Q, will be denoted by a^, ji — 1,2. The coordinates on B will be denoted by i*, 
i — 3. Then employing the formula (2.7) which defines the Lagrangian leading 
to the principal chiral equations (2.3) one quickly finds that Eqs. (2.3) can be 
derived from the following action 

I [9) = -f y (^VTr [(a^^)(a^^)] + ^ J Tv{de Ad9 A d9) 
n B 

^ d^aTT[{d^9){d^9)] +\j dh i^^Tr[{di9){d,9){dk9)l (5.1) 

fi B 

where in the integral over B the function 9 is considered to be extended over B. 
The action (5.1) evidently resembles the WZW action [9,10]. 

Analogously, keeping in mind the Lagrangian (2.24) one obtains the action for 
the Moyal deformation of Husain's heavenly equation (2.17) to be 



(e) = i j d^adpdq{d^e)*{d^e)-^ J dHdpdqe'^''[{die)*big{dje)*{dke)]. 

(5.2) 



axS BxT. 



Then we rewrite (5.2) in the following form 
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(5.3) 



Consequently, taking the ^ ^ limit of (5.3) one gets the WZW-like action 
for Husain's heavenly equation to be 



The fundamental question is how one can interpret geometrically the "Wess- 
Zumino" term in (5.2). We intend to consider this question soon. 



We arc grateful to I.A.B. Strachan and T. Mates for their suggestions and also 
to M. Dunajski for his interest in this paper. One of us (M.P.) thank the staff of 
Departamento dc Fisica at CINVESTAV, Mexico, D.F., for warm hospitality. The 
work is s upported by CINVESTAV, CONACyT and SNI, Mexico, D.F., Mexico. 



/5G(eo) = - / rfVdpdg(a^eo)(a^eo)-- 




(5.4) 
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